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Kapitola 1

Neurcity integral

1.1 Integrace uzitim zakladnich vzorcu
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1.1. INTEGRACE UZITIM ZAKLADNICH VZORCU
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1.2. INTEGRACE SUBSTITUCNI METODOU

1.2 Integrace substitucni metodou
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KAPITOLA 1. NEURCITY INTEGRAL

1.3 Integrace metodou per partes
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INTEGRACE METODOU PER PARTES
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1.4 Integrace racionalnich funkci
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| —2In|z+2[—Z5+2In|z+4] - m+4—i—c]

 In(2®+1)—2arctan x—i—% arctan %—i—c]

slnjz+ 1] - ;Inje® —z 4+ 1+

—i—\}_ arctan 25\'“/_51 + c]

L4 1|z — 1| - $In(a? 4 2z + 5)+
+1ar ta;n”l—i—c]

[% 2422 +3) — f arctan mj_l—i—
+iln|z® — 2z 4 3| —i—c]

[%2+x+]11|x2— 1|+ Ln|z? + 1|+
—i—arctanx—i—c]

[111|:£ — 1| — In|z? + 1| — arctan 2+
ke +el
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: fxa—3§33131’x2—x dz _—111|$|+2111|$—1|—ﬁ—ﬁg+c_
m —sln|z|+2 In 223|143 ]11|3$—|—1|—i—c
S aa e | —2Infz[+2Injz -1+ - F 1)2+C
%dx _—111|:£|—i—3111|$—1|—i—4111|x—i—1|—|—c]
- (m+6$(I;f;j+3) dz 2In(|z + 1[(2® + 22 + 3)) -
—4y/2 arctan xj_l + c]
1.2
FrsarrsrTa 07 (24 + e +1] +]
x5 22
) f (z—1)%(22-1) dz [? +2z — 4(;;1)2 - 4(;,»9—1) + % In|z— 1]+
+=In |z 4 1] —i—c]

R +:.." +5r+4 3 2 1 z 7 1
Seite dT [2 In|z* 4 4] 4 5 arctan § + 2m2+4+C]
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1.5 Integrace iracionalnich funkci

1

2.

b

o

o

=]

N

o

[{=]

10.

11.

12.

13.

14.

15.

16.

17.

-

J

J
J
J

-
J
-

WA =

/=

dz

1
Vr+1

3/ x+1

r— 1(.'.."+1)(:.." 1)

I%dx

VI Az

(1+va)?

dz

Va3 7\/_+12fd$

B )

4/x—1

42 (z+ 2)(:.." 1)

v 2;?_,“ dz

1+V :z:+1 d

r+1

24+ /I+z dz

1+:.."

dz

T+/T

d
| 7w

J
J
J
J

J
J

1
r/r+1 d&,"

VEI+1
mldx

1
1++/x+1 dx

—z dz
+:.," T

1
(24z)vV14tz dx

1.3
7= dz

dz

:2(\/5— In|yz +1|) + c]

3 3/ (z+1)
BEAVACES C]

2(\/5 — arctan \/z) + c]

2In|1+ V7l + 777 — @roep +c]

21021t 4483 +30t* 412t +-36 In [t — 1|+
+24lnlt + 1| + ¢, kde t = /3]

(4 4

§ :.c+2 + C]

[ v2EFI-1, 2zl ]
_111 | \/2;,»+1+1| . t¢

-2y -2l -1+
6(—S+L+5) +e
kdet:f/l—l—x]
::B—?\/:E+21n|\/§+1|+c]

27 — 39z + 6z — 6In(Yz + 1) + ]
_111|t+1|—i—c kde t = vz + 1 ]

4z FT+4ln|VaFT—1|+2+1+¢|

2(VeFT—In|Va+1+1]) +]

|In|1—¢ —In[l+¢ + 2arctant + ¢,
kde t = /=2 |
[Qarctanw/:n—i—l—l—c]

[2z=1(52% + 62% + 8z + 16) + ¢
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18.

19

20.

21.

—_

22.

23.

24.

25.

26.

27.

28.

o

29.

30.

31.

'—l

32.

| v de

1

| aov=

J it de

| g de

J‘ 3

| Zemvem

r4+1 dx
r— 1.'.."+1

1

. d
f (3z+5)/(22+3)(z+2) *

dz

dz

| e

1
-+
J Je—ne—2

=

:.c+2

2+ Va2 5 g
J Sy de

| g da

dx
1+ 13f1+x

f 34{4:.."-1—1
1++/4x+1

=

2r+1
r+1

dz

KAPITOLA 1. NEURCITY INTEGRAL

:3\%+31n|\3/§—1|+c]

| —2arctant +c, kde t = 1!25'::;23]

142
1—x + C]

:6111 5|+ t= {3/:?]

2z — 447+ 4In | ¢z + 1| + |

sIn|t? 4+t + 1|v/3 + arctan 2 —

—1n|t—1|+c,kdet:\s./g]

2t3 — 3t> + 6t — 6In |t + 1| +c,
de t = \6/3,"—1—1]

= or

2t9 3t8 + 6t7 tﬁ + gtS _ %t4 + c,

kdet_\/ﬁ]

[névod:t:\/:, }”t}—l—c]
[ \/_arctan\/_t—i—ln}t“{—i—c

kde t = /2L |

[—3Inft+1]— 24— 0In |1 —|— 6t +c,
kde t = /z|

[2t3+6t+3111}t+1}+c
kde t = /z|

(/2
3(F—t+Inft+1])+c kdet = Y1+ x]

% —t+ arctant + ¢, kde t = v/4z + 1]

[1 1 1
ln{t-i—l To2(t—1)  2(t+1) +c

2r+1
kde t = ,/224]
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33.

34.

35.

36.

37.

38.

39.

40.
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kde t= 3z + ]

f (3x+5§(m+2) 25-';:_23 dx | 2arctan \}' 2-?.."—:—23 + C]

|+ =4 312 —6t+6lnft|+ 4 -3+ 2+,
kde ¢ = ¥z

fx—‘/_“;'ldx :2\/5—1-111‘/_1 —i—c]

s (£ 4 1 92 4 ¢ Kkdet = Yz T2

il \/x_\er(;il dz :2 In |t—1|—In [t*+t+1]— 2% arctan %—\/El—i-
+c, kde t = Vx + 1]

e (488 — 4|1+ 8] + ¢, kde t = ¢/z]

f—mgfwx [4(ﬁ——+——§+§—t+1n|t+1|)+c

kde ¢ = ¢z
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1.6 Integrace goniometrickych funkci

1. [sinzcoszdx :%sin%c—i—c]

2. [tanzdz :—111|cosx|—i—c]

3 [ da ez ]

4. [coszy/1+4dsinzdz :%(1—1—43111:5)%—1—0]

5. f\% :—w/l—i—?cosx—i—c]

6. [ ey da :—%1n|1—i—3cosx|—i—c]

7. fcos%cdx :%sinxcost—l—%sinx—i—c]

8. fcos“xdx :%:s—i—isian—l—%sinélx—i—c]

9. [ Eslrm dx :rozéffit funkei cos x, subst. ¢ = sin z;
ilﬂ } i:igg{ o 4(1—ls'mx) 4(1+51n:..") + C]

10. [ 3 do ez + ¢

11. f281112%d&? :x—sinx—i—c]

12.fl_clmdx :—%cotx—i—c]

13. ‘i’cfco“';;i dz %x + % tan z + c]

14. foosg";;fm :—cotx—tanx—i—c]

15. | 1 0;;';“‘" dx -napoveda subst. ¢t = tan 3; vysledek:
In %gg—ii—i—c, nebo rozs§itit funkei cos z,
subst. t = sin z; vysledek In |1+sin z| —i—c]

16. [ %g—;“ dx [népovéda: cos? z-cosx, subst. t = sinz,

vysledek: —;——+ o=+ In|sinz| + ¢



1.6.

17.

18

19.

20.

21.

22.

23.

24.

25.

26

27.

28.

INTEGRACE GONIOMETRICKYCH FUNKCI

fldx

COS T

.f.ldx

slnx

1+sinx

f 2+cosx d&,"

2—sinzx

1
f (2+cosz) sinx dz

Slll xT
f OOS3 T dx

f 1+sm :.."

f—s—dx

sln

fldx

costx

R TR

sin x4cosx—1

sind z
14+cos2 x

1+tan xr
1+tan:.c ﬁ

nebo: subst. ¢t = tan x, vysledek:

——cot4x—i— cot? x — —11159—

[rozéffit cos z, subst. t = sin z, vysledek

In }”L::Ez + ¢, nebo

1+tan %
Er—
1—tan 3

subst. ¢ = tan 3; In +c

[rozéffit sin z, subst. t = cos z, vysledek:

1 cosz—1
—111 }oosx-f—l{ + ¢, nebo

subst. ¢ = tan 7; In|tan $| +c

[+

1+tan 5

[pro substituci: ¢ = tan 3:
In|1+ tan® 3 111|ta11 —tan § + 1|+

+farctan f —i—c]
5In[2 4 cosz| + §ln |1 — cosz| —

—2In|1+ cosz| —i—c]

) . a1 1
subst- t=sinz, 7In } 1+::E${ +
+

)—i—smx—i—c]

4(1 sinz) 4(1+sm:.c

[subst t = tanw, £ arctan /2 tan x—l—c]

[ subst. t = tan z, —5ta115x - 3ta?13m_
+C]

tan:.c

subst t =tanz, tanx—i—tan m—i—c]

—% m—i—lln}ta;n {—i—c]

| cosz — 2arctan(cos x) + c]

+ ]

1+ta,11:.."

23
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sin 2x [ 2
TremTs | arctan (sin” z) —i—c]
. 3 [
sin® x 1 2 .
| S dz ycos’x 2005$—i—3111|2+cosx|+c]
cos rsin 22 -1 l—cosx
: f sin2 z(14+cos? ) dz L2 In 1+oos:.c} + a;rctan(cos x) + C]
. fsin3xcos3 rdx subst. t = cos z, —i cos“x—i—%cos‘sx—i—c]
. fcoszsin5xdx —%0057$+%cosgx—ﬁcosux—i—c]
. [cot?zdx subst. t = sin z, —ﬁg—m—ln|sinx|—i—c]
—Q—Oossmdx [ 1 —sinx—i—c]
sin“ x L sin x
. 3 [
sin” x 1 1
: foos‘*xdx __cosx+3cos3x+c]
. 3 [ 2 .
sin” x+1 cos® r+sinxr+1 ]
cos? r dz L cos T tc
oos4xd [ 1 t3 t
Sty 4T | —3co r+cotx+x+c
. fsil14$0082 rdx subst. t = sin 2z, —% sin® 2z —
1 _: x
—ei sin 4x + 16T c]
. fcos“xdx %Sinélx—l—isin?x—i—%x—i—c]
. fsin3$0082xd$ %0085&,"—%0033&?—}—0]
. fSil14&,"d$ —%sin?x—i—gx—i—%sinﬁlx—i—c]
6 (5 . 1 3 g 13
. fcos zdzx _163,"—1—4 51112&,"—1—64 sin4x 15 SIn 2&?—1—0]
4 =4 -f ’ o 1 .
. fcos zsin® zdzx upravy pomoci vzorcu, jo5; Sin 8z—
1. 3
—138 sindx + ﬁx—i—c]
. [ 6 8 10 .
. fsm5xcos5xdx %—% tl—o—i—c?kdet:smx]
22 4 -l Sin2r _ sindr _ sin6z
. [sin®zcos* zdx 16 (T + ¥ i 5 )—l—c]
1—2sinax [ 2
. f—g—cos —dz | tan x com—i—c]
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1+4sinz [ 4 —
48. f 1—sinzx dz [ 1—tan § $+C]
49. f l—clos:.c dz tan z + C]

50. [coszy/1+4sinzde _é\/(1+4sinx)3—i—c]

1 [ 2tan 2—1 ]
51. 3sinr—4coszT dz L5 In tan %-}—2 +c
1
52. 5—4sinz+3cosx dz L 2— tan Ttan® T C]
) _
53 fmdx -SUbSt t—taHQ’m 111 }ta;n {—i—C’

nebo subst. ¢ = cosx, vysledek:

snfzt - il
54. [ H——dz éarctan(?tan )—l—c]
55. f5+4smmdx :éarctan (M)—i—c]
56. [ sema—eosass 42 ‘/_arctan(‘ég@tan%—i—l))—i—c]
57. [ She—csr gy 2 2In|tan®Z — 1 — tan 2|+

+§1n|tan2%+1|+c]

58. fmi(?%dx [itan2%+tan%+%ln|tan%|+c]
59. [ifmtdz [111|cos:£—i— sin z| + ¢ nebo

subst. ¢t = tan z, In|1 + tan z|—
—3 In |1 4 tan® z| —i—c]

60. [ Litanzdy 3(In|tanz| + tanz) + c]
61. fsin?xcosﬁxdx _—%cosSx—i——cosélx—i—c]
62. fsin 3zsinbzrdzx _i sin 2z — % sin 8z + c]

63. [ {(sin2z 4 sin4z —sin6z)dz | — {5 cosda — § cos 2z + 55 cos 6 + c]



KAPITOLA 1. NEURCITY INTEGRAL

N s da subst. t = tan z, [i(ta;n4 x — cot* z)+

+2(tan®z — cot? z) 4 61n | tan z| + c]

oos:.."-f—smx-f—l ]
l1—sinx L cos T + ¢
sinx
f (1—cos )2 Lcosz—1 + C]
2 rsin2zd [ 3 1.
. ftan T sin® x dx tanx—ﬁx—i—istx—i—c
2—sinx _
>reons AT subst t =tan ¢, In |2+ cos x|+

+E arctan tﬁQ + c]

sin? r+tan? »

f —L _dz [ (cot T+ f arctan (t‘i‘}’_m)) + c]

cos:.c 2 2

f cosz [subst t=tanZ —cot— ——cot3m—i—c]



Kapitola 2
Urcity integral

2.1 Vypocet urcitého integralu

2.1.1 Vypocet tipravou

5
1. f%dx 111%
3
2. [V1—sin’zds 2]
J i
s )
3. 11— 3a|do %]
L r
4 de o]
1o
5. [ et de 2 -
%
2 1
6 f 1+cosx dx 2]
-3
1
7. {xn-f—éx-f—zl dz -%]ll ]
% _
8. ‘!COSQ&TSiHQ&de %]

27
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

0
[ (z*+ 4z +5)dz

cosz dz

|
nlqc"‘-:nlﬁ

KAPITOLA 2. URCITY INTEGRAL

2.1.2 Vypocet metodou per partes

™

fxsinxdx
0

} In(z + 2)dz

-1

1

f arccos  dzx
21

1
f arctan z dz
0

1
f e3xdx
0

4
f z2?arctan z dz
4

T
sin? ¢ d&,"

A s ol

]
31n3 — 2|
]

-

-E_@+1n

L4 9

V3
V2

- obtizny
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

V3
f z arctan rdz
0

zcosxdzx

Ol

m
f z?sinzdz

=]

T
2
f efsinzdzx
0

i)
1]
?1'2—4]

2

_lnﬁ—l—%fr—i-g—;]

:21112 —1116]

-

T i]

o

5(esinl —ecos1 + 1)]

[ mat
L 16
1 n*5]

1001n T — 14]

]

2(\/5 — 1)+ 2v5(% — arctan

r d
0]
| S

1

NG

)]

29
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37.

38.
39.

40.
41.
42, | o=

0
43.

0
44.
45.
46.
47.

0
48.

49,
50.

51.

QT‘/E (arctan /5 — arctan 2—‘/5)]

r d
L=
| S

r d
=
| S

KAPITOLA 2. URCITY INTEGRAL

5

2(8v2 - 7)]
11n3]

4]

L=

i arctan 4 — arctan 2

4]

2in3 -3

2



2.1.

52.

53.

54.

VYPOCET URCITEHO INTEGRALU

ay/3
1
f a2 -1—:.."2 d$
a

2
f V4 — z%dx
21

55. | ——
0

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

31
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z
67. g‘cos4 rsin® zdx é + é]
% _
68. Jm%%dx _%(111% —i—arctan%)]

0 _
69. [ «¥3+ % de 2393 — 4Y3)
—1 -

In2

He2e _ex 5 13
70. f %+3e=+3 _E]n7 4

2.2 Aplikace urcitého integralu

2.2.1 Obsah rovinného obrazce

- L‘/g(rclcl"(:i:al;[l% — arctan ﬁ)]

5

Obsah P kiivoc¢arého lichobézniku ohrani¢eného kiivkou y = f(z), osou z a piimkami

r=a,x=0b

= fblf(fc)ldx-

Krivka ddna parametricky = = ¢(t), y = 9(t), t € (a, B):

B

P = [ B(t)¢ ()] dt.

o

Priklady: Vypocététe obsah oblasti v roviné vymezené danymi kfivkami nebo podminkami

=Ilnz, =0, y=Ilna, y=Inb, a,b >0, a<bd

2. y=4—2% y=0

5. y=lnz, z=1, z=¢, y=0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

y=2 -4’ —z+4, z=-1, =2 %
4+’ <l,y>1-=z ?TT_Q]
022 + 16y2 — 362 — 96y + 36 = 0 [127]
.y=€e*sinz, y=0, z € (0,7) 1;9{]
y=z’—x—6, y=—z’+5r+ 14 %
y(+a?) = 1=0, y= La? 53]
y=a% ¢y’ =z 1]
ry=4, z+y=>5 :%—41114]
y=—-2’4+4r-2, v —y=2 %]
ry=4, y=1, y=4, =0 :41114]
y=|lnz|, y=0, z=1 z=¢ :2—%+82]
y=¢€e', y=e ", x=1In2 %]
y:2$3,y:%,x—y—1:0,$20 :21112—1—%
Y¥=2r+1, z—y—1=0 1—36]
y=In’z, y=hz :3—6]
y=a23+22—6z, -3<z<3, 0saz :8—;]
Vypoététe obsah rovinného obrazce ohrani¢eného

kiivkou y = €%, jeji te¢nou v bodé A = (0,1)

a primkou z = —1. [%]

Vypocitejte plosny obsah ¢asti roviny ohranicené
parabolou y = z? — 62 + 8 a jejimi te¢nami v bodech

A=(1,3), B=(4,0) H
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

KAPITOLA 2.

z =acost, y=bsint,t € (0,27}, a >0, b>0

z =r(t —sint), y = r(l — cost), t € (0,2m)

— jedna vétev cykloidy

r=acos®t, y =asin’t, t € (0,27)

— asteroida

xz%, yzQ—%, tE(O,{‘/@

r=asin2t, y =asint, t € (0,7), a >0

z = a(cost +tsint), y = a(sint —tcost), t € (0,%)

x =2(2cost —cos2t), y =2(2sint —sin2t),t € (0, )

3, x e (1,2

f(x): ( ) ,&,":1,&,":10,’9‘:0
l—f, x € (2,10)

y:&,"2_41y:0?$:6?$:0

y =arccosz, y =0,z € (—1,1)
y=z*—1,y=0, z € (-3,2)

y=tanz, y=0,z =3

_ 1.2 . _ 2.2
y=szz°, y=4—-3z

r=1 =3, y=—x, y=x+2

y = arcsinz, x =0, xz?

y=0z=-3, =3, y=2*—-32>+ 322 - 32+ 2

472 -8z —y+5=0, 22 —y+1=0

URCITY INTEGRAL

:?T(Ib]

:31:'?"2]
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42.

43.

44.

45.

46.

47.

48.

49,

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

r4+y—7=0,zy=6

2+ 9% =16, y? = 6z

1?2 — 8z — 4y +20 =0, 4y = —32% + 122 + 20
y=2z—22 2+y=0

y<a®, y? >4z, 2z —y—4<0,y<1

Odvod'te obsah kruhu o poloméru r.

Urcete plochu A ABC, A[—1,1], B[3,4], C|0,0].

y=z+2, y="2x, =0, x=3

$2+9‘2§6, y£_$2

Y=z, y=1z-2

y=6—xz—a2 y=0

— J— T
Yy =sInzr, y=Ccosx,T € <_§’Z

y=a% y=3, v=2

2

e t € (=1,2) a osou z.

T=1t, y=
r=t y=e ®aosoux,te(01)
y=—a*—22+2z, y=0

sin2z+ 1, y=e7*
y=x2+1, y =222

y=4z, y=2>+2r -3

+6(arcsin %—i—

+3 sin(2 arcsin V3

4]

125
L 6

V2 1]
5 -2

:2 arctan 2 + %]

1—8_2]
2

37

L12

5 +e77]

3

)]

35
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2.2.2 Objem rota¢niho télesa

Objem télesa, které vznikne rotaci plochy P (omezené kiivkami y = f(z), osou z a
pifmkami z = a, = = b) kolem osy z:

b

V:ﬂ/U@PM.

Je-li krivka ddna parametricky = = ¢(t), y = (1), t € (a, ), pak:

B

Ven f SOl (1)) dt.

o

Priklady: Vypoctéte objem télesa, které vznikne rotaci plochy P kolem osy .

1. P:ozy=4,z=1,z=4, y=0 :127:':

2. P: y=—-22+1, y=—-222+2 %?T

3. P: y=224+2, y=222+1 %?T

4. P: y=1—-2% y=2a? %x/ﬁﬂ']

5. P: y=arcsinz, y=0, =1 :?1'(”;—2)]

6. P: y=2% 9y’ ==z :%ﬂ']
7.P:y=z,y=¢? >0 :%’?TBG]

8. P: {(z,y): z<e? 1 <y<Inz} :?T62]

9. P: y—lzsin?x,y:e_x,:BE(O,%) :?T(%?T—i—%—i—%%)]

10. Urcete cislo b tak, aby objem télesa, které vznikne
rotact kiivky z = 2cost, y = b+ 2sint, t € (0,27)
kolem osy z, byl 407. [:I: %]

11.P:$:t2,y:t—§,t€<0?\/§> [%ﬂ']
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

P:

P:

. z=a(t—sint), y = a(l — cost), t € (0,27), a >0
s x=asin’t, y=bcos’t, t € <0, g)

: Y2 =4—2z, = =0, rotace kolem osy ¥

c y=z+sinz, € (0,27)

: y=z*Varctanz, x € (0,1)

cy=lhz ze(le)

y=+V2x -3, x€(2,a), a>2

y= %(em + x_m)a T e (O:1>

Vypoététe objem kuzele vzniklého rotaci usecky AB,

A=

[0,0], B = [v,r] kolem osy z.

Vypoététe objem rotacéniho elipsoidu vzniklého rotact

elipsy ﬁ—z + -‘;—3 =1, (a > b) kolem

P:

a) hlavni osy elipsy
b) vedlejsi osy elipsy

y=daxr, y==x

Vypoctéte objem protdhlého (vejéitého) elipsoidu

vzniklého rotaci elipsy dané parametrickymi rovnicemi:

x =4cost, y=2sint, t € (0,7)

P:

P:

y=In(2z—1),0saz, e (1,3

y=cos’z, =0, z=%,y=0

s y=+vIn2z, z e (1,2)

Syt =1 2% 0sax, € (0,1)

37

:51:'2(13]

16ﬁab2]
L 105

2]
:ﬂ'(@ — 3?1')]

[, 2
™ 5 m
& Zno]

7]
720?222+ 1)]

32

L 16

732 - 1)]

16m
L 105
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28. Vypoctéte objem télesa (anuloidu) vzniklého rotaci kruhu

2+ (y — b)? = a®, b > 0 kolem osy z. _2?:'2(125]
20. P: y=2z—2% y=0 -116_5fr
30. P: 222+ 42 —22=0, z € (0,V3) ﬂ-(\/g _ %)]
31. P: 9= 2(3—a)?, z € (0,3) 24]
32. P: 2=2t—t%, y=4t—t*aosoux -%ﬂ']
33. P:y=1-2%, y=22+2, 2=-1,z=1 _10?:']
34. P: y=sinz, y=cosz, y=0, z € (-%,I) :}T(%—i—%)]
35. P: AABC, A=[-1,1], B=[3,4], C = [0,0] B
36. P: y=—x>—z+6aosax -%ﬂ']
37. Odvodte objem kulové plochy o poloméru _%ﬂ'r3]
38. P: y=tanuz, xE(O,%) -?1-(1_%)]
30. P: y=1vze(3,2) %ﬂ']
40. P: y=2*+1vaz e (-3,3) -%ﬂ-]

2.2.3 Délka oblouku rovinné krivky

Je-li kiivka ddna rovnici y = f(z), z € (a,b), pak:
b

L:/\/1+[f’(:s)]2dx.

a

Je-li krivka ddna parametricky = = ¢(t), y = (1), t € (a, ), pak:

3
L= [ VPO T P ORdt.

Priklady:
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. y=arcsine *, z € (0,1)
. y=+e*® —1—arctane?* — 1, z € (0,1)
. y=+x —z?+arcsin/z, z € (0,1)

y=In(l—2?), 2 € (0,3
.y:hlng}, x e (1,2)

Ly=12"— iz ze(1,3)

y = Insinz, xE(%,g

. y:%, a>0, z € (0,4a)

. y=arcsinz + 1 —22, z € (-1,1)

xz = a(cost+tsint), y = a(sint — t cost),

a>0,t € (0,27) , evolventa

r = (t* — 2)sint + 2t cost, y = (2 — %) cost + 2t sint,
t e (0,m)

z =¢€'sint, y=e'cost, t € (0,%)
r=acos’t, y=asin’t, a>0, tec (0,%)

r =1t y=L(t> — 3), mezi pruseciky s osou =

3
3

r = %ts, y=2— it‘{ mezi pruseciky s osami

soutadnic, t > 0
y? = 2* vytaty piimkou x = %

y=%(ea +e 1), a>0v intervalu (—a,a)

y = Inz v intervalu (\/37? \/§>

[2a7?]

39
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Yy = x\/g v intervalu <—%a,1 — gce:), a>0

y=¢€", z e (0,1)

y = 1(e* +e7*) v intervalu (0,1)
y=Incosz pro xz € (0:%>

Y= alnag%g v intervalu (0,b) , a,b >0

y=alner= — /a2 — 22 z € (b,a)
r =costt, y =sin*t, t € <0,g>

r=cos’t, y=sin’t, t € <0,g>
r=cos’t, y=sin’t, t € (0,7)

r=t, y=Int, t € (1,€)

r=t, y= %tQ — 1 mezi pruseciky s osou x

y=t, = V12 — 1 mezi priseciky s pifmkou z = 4

y=Inz, z € (1,3)

y=2yz, z € (1,4)

y=v4—1z2 x e (-2,2)

y=1i(zvz? —1—In|z + Vz? - 1)),
ze(l,a+l), a>1

38, y=4— ' prot € (-2,2)

KAPITOLA 2. URCITY INTEGRAL

(]
[V i
—v2—1ln f+1]

-]

1 V3+1
-111 ﬁ—1]

[ —b+aln|2?]
alng]

(3 +In(1+v2))]
%

3]
(VT T+ Yot
Vo anﬂ]

\/6 +In(v2 + \/§)]

458+/229—-16 ]
L 27

'W“hﬁ;i—
—V2- f+1]
[L(n VEEZ 4 44/5—
- néti—M)]

[or]

[%((12 + 2&)]
[fa7vaT—1)]
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2.2.4 Povrch rotacniho télesa

41

Povrch télesa, které vznikne rotaci kiivky y = f(z), z € (a,b) kolem osy z:

S =on [ F@IV/IT F@Pde.

Je-li krivka ddna parametricky = = ¢(t), y = (1), t € (a, ), pak:

B

S—or f (0 VIFOE+ |

23

P'(8)]? dt.

Piiklady: Vypoctéte povrch télesa, které vznikne rotaci kiivky (obrazce omezeného kiivkami)

kolem osy x.

1.

2.

10.

11.

12.

Y=z, y=21

z =a(t —sint), y = a(l — cost), y =0,
te(0,27), a>0

. x=acos’t, y =asin’t, t € (0,%), a>0

) ::4'+'$: T (_“1:2>1

Ly=1Ler+e), ze(0,1)

z=12 y=1(t*-3), t € (0,V3)

r = asin2t, y = 2asin’t, a >0, t € (0, )
z = e'sint, y = €' cost, t € (0,F)
ANABC, A(1,1), B(5,1), C(3,4)

povrch anuloidu (y — b)? + 22 =a?, b > a
odvodte vzorec pro povrch kulové plochy

P =d+z, e (-4,2)

64N02]

3]

| 2.(20/10 + 4515 — 11)

3

6ﬁa2]
L 2

36/2r ]

3(2 e+ )]

[4720?]
255 - 2)
2r(5V/13 + 4)]
[4r2ab]
4r?]

62m
L 3
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13.

14.

15.

16.

17.

18.

19.

20.

y=+v4—2x% z € (1,2) ... kuovy vrchlik
y? =4daz, a> 0, z € (0,3a)
y=3sin%, z € (—m,m)

271

xz = a(cost+tsint), y = a(sint — t cost),

t € (0,2m) ... evolventa

y=e* ze(-1,3)

obsah plochy vzniklé ota¢enim smycky
kiivky 9az? = y(3a — y)? kolem osy y, a > 0

yz%proxe (0,2)

Wit
al b2
wita

r3 +y

I
2

2.2.5 Fyzikalni aplikace

Priklady:

A.

KAPITOLA 2. URCITY INTEGRAL

]

56ma’ ]
3

:8ﬂ(%m+ 111(% + @))]

[37a?]

[?T(G\/l +e2+1Inle+ V14 e?|+

e+v14e?
)

:3?T(12]

[5(17vT7 - 1)]

navod: jedna se o asteroidu, meze

pro z € (—a,a), S = 2ra’

Najdéte souradnice tézisté 7" homogenni hmotné oblasti omezené kfivkami:

2 2

Y=, Y=

Lyl =6z, 2 —-5=0

$2+y2:a21 z_§+g_::1’$20,y20

.y=0, y=cosz, xE(—%,%

T

T

0 24+15?r]
L~? 30m—20

m

5

[ 40 4(a+b)]
L3m? 3r
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10.

11.

12.

13.

14.
15.

16.

17.
18.

19.

20.

VT =

a,a>0,0<z<a

r=0,y=0,z4+y=6

r+y=a, =0, y=0
Zkontrolujte vysledek pro a = 6.

L y=0,y=4—2?

[S.=5,, 8, =Lk, m=2k,
T2, 2]

T[2,2]

T[o,%]

43

Najdéte tézisté jedné ctvrtiny plochy elipsy %; + %;‘; =1,a>0,b>0, >0, y>0.

_ ka?b _ kad _ kma? [
[, = ke g, = ke kn?

y=sinz, z € (0,7), y=0

y:xQ’ y:$2—|—2, x:O, r=4

y=3—-222ao0sax
y=2z—22 y=0
2 w2

y=cosz, y=x"— 7

r=acos’t, y=asin’t, t € (0, g)

r=t—t, y=t3+1t2, y=0

xz =a(t —sint), y = a(l — cost), t € (0,2m)

(=]

[m = 8k, S, = 136k, S, =
16k,
T[2,17]]

)
)

T/o,

=T

7|1,

=]

[0, &~
0 4 60
L™ 201+ 55)

T 256a 2560,]
L 315w 3156w

T-83 9]

[ 777 154

[ 5a
T\am, %

Najdéte souradnice tézisté 7" nehomogenni hmotné oblasti omezené kiivkami:

parabolou y = —az?+b, a >0, b> 0 a osou z

T|0, 2]
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

KAPITOLA 2. URCITY INTEGRAL

$2+y2:4a050ux [sz?TaS.T:%; yT:%?T]

kde hustota je pfimo dimérnd parametru ¢ (o(t) = kt).

[m _ ?rﬂjfcir’1 S, = wkr, Sy = —21!6?“2, T[ — 4 EH

2 T2

y=sinz, y =0, z € (0,7), kde hustota je rovna z-ové soufadnici bodu.

w2 2 4 -4 7
[m:F:S&c:?: S'y:ﬂ _};T 2 '8

y=€e*, y=0, z € (—m,7m),0(x) =sinz,

pouze yr [y;n = 32531]

Yy = “'1—2 +2, y= %, r =1, x = 4, jestlize hustota je v kazdém bodé timérna

s A o 42 375
soutadnici x. T[ﬁ, o

y? =12z, y > 0,z € (1,2)
[m = %2\/§(2\/§_ 1): Sy =19, 5y = %2\/§(4\/§_ 1)’ T[giﬁii’ 4\/5(22\?}5—1)]]

Najdéte souradnice tézisté T" danych hmotnych oblouku:
; s 2 02 2 2
homogenni polokruznice z= + y* = r T[O, ?”]

étvrtkruznice z2+y? = r? v 1. kvadrantu, je-li hustota v kazdém bodé \imérn4 soucinu

soutadnic pifslusného bodu [0 = kxy = kz+/r? — z?] T[%fr, %r]
T =t y:t—§, t € (0,v/3), homogenn{ T[7 V3

5174

kiivky * = acos®*t, y = asin®t, a > 0, z > 0, y > 0, hustota je v bodé pifmo

Ta 15?m]

tmérna z-ové souradnici bodu T[@; 356

pulkruznice x = rcost, y = rsint, t € (0,7), kde hustota je imérnd parametru

(o (t) = ki T[- 4 2
homogenni = = acos®t, y = asin’t, t € (0, ) T[O, 2—“‘]

5

homogenni, 1 oblouk cykloidy z = a(t —sint), y = a(1 —cost), t € (0,2m) T[ﬂ'a, 4
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34, y= “1—2 — %lnx, z € (1,2), homogenni

[m=5G +102), 5. = % ~n2(n2+9)), 5,

35. y=2%(ea +e ), z € (0,a) T[ 20

5

-3

k, T[1,520;0,307]

a(et4-4e2—1) ]

e+l? de(e?—1)

45
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Kapitola 3

Diferencialni pocet funkci vice

proménnych

3.1 Defini¢ni obory funkci vice proménnych

Zapiste a zakreslete definiéni obory funkei.

Vysledné obrazky k danym prikladam jsou v priloze.

1. z =2y + 1%z

2 z:l—i-y
3. z:%ﬂ;

4. z:f_,—iy2
5. Z:J%gﬁ’
6. 2 = In(zy)

7. z=sinx + y/siny

8. z =In(z? +¢?)

R x R

R xR - {z =0}]
RxR-{y=—a}]

R x R —[0,0]]

R R— {22+ ¢* = 4}
> 0Ay>0,y<0nz<0]
[y € @k, (2K + 1)) ]

R x R —[0,0]]

_x>0/\y>0,y<0/\x<0]

47
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48
10. z = arctan/z +y
11. z = arcsin(z — y)
12. z = arcsin §
13. z =In(lnzy)
14. z = cot(z + y)
15. z = Insin(z + y)
16. » = v
17. z =5z — In(z + Iny)
18. z = Pl_—yln(y —z?%)
19. z =In(zIn(y — z))
20. z= i‘:—fi
21. z = /sinzsiny
22. z =tan(z —y)
23. 2 =4/1— (22 +y)?
24. z = arcsin %
25. z = \/sin(w (22 + y2))

3.2 Parcialni derivace

e

(@ —y) € (-1,1)]

2 e (-1,1) A y#0)
[Inzy >0 A oy > 0|

y # — + krl
sin(z + ) > 0]

2 £0,y#0,y#z,2> 0|
> ]

v >

y>z A zln(y—a) > 0]
2520 Aoty
[sinzsiny > 0]

:y #+ x+ (2k + 1)%]

Priklady: Vypoctéte parciélni derivace prvniho fadu funkei dvou proménnych.

1.

z = |z|y?

—y? <0 2z, =2ylzl

y: x>0,
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2. z=¢€%(z—v)
R p—

z2+y2

4. 2 =e"In(z +vy)

ot
2

I
0]
|8

6. z = /zarctan \/y

7. z = arcsin ——
x+y

8. z=In(zln(z — y))

9. z =tan?Z%
y

¥
10. z = arctanz2

11. 2 = arctan Hi
(2 g a2 iy L

12, 2z = (2* + y*) sin
1

13. z = =75

14. z =e"xy

15. » = geiny

16. z = sin(zsY)

17. z=sinzx

Z=et@—y+1), = -]
%2 = T2ty Py (m2+y2)2]
2, = e (yln(z+y)+ 1), 2, =
[ _ é _ _me%]
_Z:.," — y ! Zy ,yﬂ
[ __arctan /y r AT
| %z VT 0 Py 2(1+y)¢g]
E# Qmiym+y,x+y>0
=z 0
% \/y(2m+y)(w+'y)’ Try> ]
(2 = st (In(z —y) + 22,
' _ 1
T o))
[ _ 2tan r 2xtan§]
P = yeos? 20 Ay T T s £
r y—2 y
oy T o x21
= 3y %= gt
oy o _ _a ]
|~z riy?) Ty T a?4y?
r_ 1 (@24 1
|22 = 2280 5 — G OO T
' 1 (z2+y?) 1
z —2y51nm+y Eru? ©
PR S— z = %]
% = ~ 3 T2
2, = ey(ay +1), 2, = eva(ay +1)]
_z; =3*¥n3lny, z,_; = %3““'-”1113]
_z; = cos(z°®Y) cos y - z°5Y1,
2z, = — In x cos(z°°Y) Y sin y]

r s y—1 r_ sy Insi
Z, = Y= T cosxT, Zy—Slll rinsmir

49
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

KAPITOLA 3. DIFERENCIALNI POCET FUNKCI VICE PROMENNYCH

z = (doy? — zy)?®

zy
z=1Iny/x2+ y?
5 = 3xy

z—y

z=In(z+ /22 + y?)

- xyesmfr:cy
y
z = xes
_ _ (zty)2 ;
z= /1= (F34)? + arcsin
2 2
_ Tty
2= P

arctan Z
3,3
_ 4y
2wy
x4y
zZ=1N —F/F—

(2 = 3(4ay? — 2y)? (42 — y),
z,_; = 3(4zy® — zy)*(8zy — :s)]

(=loy o s ]
_Zl' - Yy 72 z‘y - .yﬂ + r
I y ' —r ]
2 = =
e = VA WVEY VT gy (ety)
[ L y L T ]
_Z-'n-" T (24xy)24/14zy? Z!J T (242y)2y/ 142y
U L |
Z:,c ymﬂ 3 Zy myﬂ]
= L]
_Zl' m2+y2 H z‘y 1'2+y2
-Z.- _ 3'9"2 Z.- . 31.2
%2 7 @y v T (@-y)?
[/ _ : cosy—1
2, = cos T cosy(sinz) ,
! . . .
2z, = —siny In sin z(sin x)c°sy]

’ 1 Y ]
2. = 2 = —<
[ z [22 42’ Y 224 y2 e /22 1y

— LD’sin frmyy(l + TxY Ccos ?T-T’y);

z, = €M™y (1 4 wxYy cos ?T&,"y)]

! u y
— o y — o
[zm—ex( _E)? zy_er]
Tty [Z’ — 1 ry—r—y _ _ 1 ry—r—y
Ty xr 2z ry+z+y’ v Eﬂ— TY+It+y
-Z.- . 41.!',2 r 41.2!', ]
| “x (m‘.’_y‘.’)ﬂa Yy (m‘.’_y‘.’)ﬂ

— i - —x ]
|7z = (22+y?)(arctan Z)2? 2y = (224+y?)(arctan T)2

T

r 43222 033 r y4+3m2y2_2x3y]

| “x - (m9+y2)9 L] Yy (m2+y9)2
Z’ _ 2 2* — 2r ]
L™® [x24y2’ Y y+/r2+y?
Z’ 2y 2* 2
T 22—yZr Ty T T 222
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35.

36.

37.

38.

39.

40.

_ 1
f(t’ T) T sin2 wt+sin2 wr

flt,r) = Vi —1
flt,r)=+3r2 =283
f(t,r) =Int"
Ftr) = &5

=

f(ta T) = (%)

i
i
i
i
i

I

'

'

'

'

'

'

Priklady: Vypoctéte parcidlni derivace prvniho radu funkei tfi proménnych.

1.

10.

U= f(xayaz) = x,yz

U = —F—
/22 4y2 22
z
u=uzxY
u = ze™¥
_ ()3
u= (%)
.u=€e"YInyz
u = e + elt?

u=zhy+ylnz+zhzx

o m sin 2wt f* _ m sin 27r
(sinZmetsinZar)2’ Y7 T (sin? wi+sin? 7r)2
gm: f = \/m_—
3t ]
C Varioas? f \/3r’-’—233
r r_
r £ =1Int|
r24r f’ — 7’2—3—2%]
(t+?”2)2 3 (t+?"2)2
~1(1) 3, £ = 4(L)¢ n3]
r\3 v Jr T P2\
.z r_ z—1 r__ z
[um—y y Uy =T2Y" 7, U, =Y lny]
r . r r . y
[uﬁ-" T /(22 4y2—22)3’ Uy = [(z2+y2—22)3°
/ 2 ]
U, = 77—
z H(m2+y2_22)3
- SAN Ty | r_ Ly z—1
[um—yxy , Uy =¥ Inz2y®,
L _ z z
u, =z¥ Inzy lny]
*_myz(1+ ) 2., ryz .2, ryz
U, =€ TYZ u—xze , U, = xYe

)L C RN
[um = T Uy = (5)251

f_lryEn Y

U, = 5( )2 IHE]
[ I 1 I eTY
u, = e™ylnyz, u, =e"(zlnyz+ ), u, = -
[ T r_ r 14z
u, = ey, u, =ze™, u, =e ]
[ ! L L
U, =lny+% uy=7+Inz u, = %—l—lnx]
[ _ = z 2y 0 _ 1
u, =y=Iny(—7%), v, = Zy="", u, = y= 111’9;]
[ ! !
u, = e*yz(1+ 1), u, = e"Vr2(l +y)

r 24

u, = TYe y]

51
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11. u:arctangé :u;:—yi—yf?, u;:ﬁ?, u;:Fi—f;;g
12. f@,q,r)zlucotg—i—ln’r :f;:—@, ft;:singﬁ’ f;:%]
13. f(p,q,7) = p™ :f; = qrp™ ™', f,=rp"Inp, f, = qp" 111p]
14. f(p,q,r) = €* cos 2 f; = 3e’ cos 4, f(; = —% sin 2, = %€ sin %]
15. f@?q,r):hlcos% :f;:—%tan%, f;:—%tanp—i,
fi= %% tan%
16 ft,0,0) = /% £ = fo= e o= -1\
17, f(t,0,0) =t + b fi= sk, fm et (o) + ded, £ = eb(-)]
18. f(t,v,w) = sintsinvsinw f; = costsinvsinw, f, = cosvsintsinw,
f,, = coswsintsin v]
19. f(t,v,w) =In(—t+20+3w) |[fl=—=pr— fi= 2 f=—3 _]
20. f(t,v,w) = tvew [f; =vew, f, =tew(l+ 2), f, = _wfu_%%]

Priklady: Vypoctéte viechny parcidlni derivace druhého radu.

" _ " 2 " _ _
1. z=2a¥ [zm =y(y—1)z¥7?, 2, = a¥In" z, 2z, = 2¥" ' +ya¥ 1111&,"]

2‘ > = $2y+ e:,,v-g,,r2 [Z;_T — 2y+y4emy21 Z;,y — Qxemyi’(l + 2$y2),

3 __ coszx? " _2sin:.."2-1—:’-1:.."2-::os:.."2 " 2cosx? " 2psinz?
. 2= —y _Z:.,":.," = —y y Zyy = —y3 y Zpy = 71}2
4 5 = cosgy Z” _ 200523,|I mo__ —2cos2y "o sin2y]
: R [ “xz T T 23 Tyy T T Y Fxy T 2
" 4 " —r " 1 1

5. 2 =z./y + =+ Z,, =Y, z = 2, == — —f

VY Yz [Pz T 0 30 W T 30 T T 2y 3,3

_ o+l L L 0 i v o

6. 2=y 2, =y 0y, 2, = y*[1+ (2 + 1) Iny],

2;y =z(z+ l)yx_I]
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7 y = T [Z.-r _31.!',2 zn . y(2m2—y2) zn . —1‘(2?2—23;2)]
: [22 2 rr [(z24y2)5° ~TY [(x2+y2)5 " VY /(x2+y2)5

. " . "
8. z =zsin(z + y) [zm = 2cos(x +y) — xsin(z +y), 2,, = cos(z +y)—
. 1" .
—zsin(z +y), 2, = —zsin(z+y)
2 2 2
9 ¢ 2 [ 1 9 8z2 sin o " z[2x2 sin Z-+ycos 2]
L z= z Zpy = Zpy = —
y TT T cos? % 32 cos3 % » Sy w3 ms(é) ?
2 2
1 2222 sin £-+ycos %]]
z p
vy yt 0053(%2)
_1 2 2 [ . y2—$2 "o —2ry "o mﬂ_yﬂ ]
10. z = 2111($ +9°) [Pz = @) fry T @) vy T (@21yd)?
11. » — arctan ¥ [ 2y e ﬂ]
. - T | “zxr — (.’.,"2-1—'_!;2)2’ Ty (m2+y2)2’ yy (m2+y2]2
_ or+2y+3z -”_:.."232 " fort+2y+3z " Qer+2y+3z
12. u(z,y,z) = e* T2+ Uy, = €Ty = 4eTTHETE = 9et T2,
"o r+2y+3z "o r+2y+3z " r+2y+3z
Uy, = 2€ , Uy, = 3€ , Uy, = 6e
_ zty . . z—y "o a 4y
13. u(:ﬂ,y, Z) = 24z [umm = 2_(:..»-1—2)3’ Uyy = 01 U,z = 2(m+z)3?
o1t zmetly _;]
Ugy = (z+2)2? Uy, = (z+2)3 2 Uy, = (r+2)2
_ z " _ " _ " _ 3 = " _ >
14. u(z,y, 2) = zye? [um =0, uy,, =0, u,, = zy’e”, u,, = e¥*(1 +yz),
" _ 2 = " _ =
Uy, = y’e¥, u,, = e xy(2 +yZ)]
_ (z)z "o =2 0 z(e)eF 0 ez n2
15. u(z,y,2) = (g) [umm =2(z - 1)y—za Uyy = ~gzF7 1 Uzy = (g) In* 2,
noo_ o Z2pr1 no 2 l(14zlnz—zlny)
u:.cy EETES S N Uy, = y? 3
no 2*(l4zlnz—zlny)
Uy = =77 yFT
Priklady: Vypoctéte viechny pozadované derivace danych funkei.
2 -2 " . [ . .
L. z=x"sin"y, 2., =" | Zppy = 2 sm?y]
_ T . " _? nr _? [ nr _ _i o Siny " _ E o
2. z=e€"lny+sinylnz, z,, =7, 2, =7 |2, = T e Zyy = 38 cosylnz
.9 r 2 " . [ . r 2 3 2
3. z=axy+ e, 2, =7 _zmy—Q—i—eyy(ﬁl—i—Qxy)]
nr [ nr
4. z=zn(zy), 24, =7 |2y = 0]
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z = arctan — 1+x ,
nr 1 3:8
[zxxx - 2 :.."2-1—1)3?

2z = cos(siny + z), z

[2;;,»;,» = sin(siny + ), z,,, = sin(siny + z) cosy, z

zmmy

"
— 0’

zym:[], z

170 2 "e
rrr — Z

"

+3siny cosy cos(siny + :B)]

. 2!,|" . 12
z=eYsinz, z,,

z=zsin(z+y)+tycos(z+y), 2.,

u(z,y, 2) = cos(zyz), u

=7

nr

spocitejte vSechny parcmlm derivace 3. radu

_ o 1-3y
2(y2+1)3]

yuy SIN(sIN Y + ) (cos® y + cos y) +

nr

2y = 4€%Y cos x]

LYY

nr

=7 2y = (y—2)sin(z+y)—(14z) cos (x—i—y)]
z;;,y =7 z;;m = (1“9—2)(1113;1) lny:a,ﬂ“1
Sy = L (2= 1)z lny+1)+n )]
;;;z =7 [u;;rz = $2y222 sin(:cyz) — 3,jcfyz Cos(xyz)—
— sin(xyz)]

Priklady: Dokazte, Ze dana funkce vyhovuje dané diferencidlni rovnici.

1.

10.

2z =In(e” +¢Y), 2,

z = arctan(2z — y),

2z = 2cos?(z —

"

"

rriyy (Z;y)2 =0

" "
Zpy + 22;,»3; =0

E " " _
2)’ 22:!,’!! + Z-T!J =0

nr " nr

_ T . . " " _
2= T T UVETY, 2 224, + 2y, =0
y- " 2 "
Z= y?—aZz?> Zrr = A Zyy
x " ’ ’
L z=ev, Yz, =2, — 2,
2,2 i " !
_ 2%y _
o0 Tiee T YZpy = 2z,
_u " ! ' "
z=ze =, 2, +2(2, +2,) = Yz,

_ Y T _
c U= TV + YET, Uy + Uy = Ty, + YUy,
2_,2 1 e G "
— p 2=V _ _ _
w=In T Uppy + Ugy — Ugyy — Uy =
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3.3 Tecna rovina a normala plochy, gradient, derivace

ve smeéru, totalni diferencial

Piiklady: Pro zadané funkce uréete a) te¢nou rovinu v bodé T’
b) normélu v bodé T plochy 2 = f(z,)
c) gradient v bodé A
d) dz v bodé A
e) d?z v bodé A funkce z = f(z,y)

- . w —r -
f) derivaci ve sméru s v bodé A

1. z=sinzcosy, T =[%,%,?], A=[%,%], s (4,3)

414 424
a)r—y—22+1=0 d)idz — idy
bjr=2+4 y=1—t, 2=2—-2 e) — 3da® — dzdy — Sdy?
¢)y i =3 J £)3

2. z=ylnz, T=1[1,1,7], A=[1,1], s je smér osy 1. a 3. kvadrantu

a)r—z—1=0 d)dz
blx=1+4+t, y=1, 2= —t e) — dz? + 2dxdy
c)_{ f)@

3. z=zxsin’y, T=[1,%,7, A=[1,%], s (-3,-4)

)9 19

a)r —z =0 d)dz
b)z=1+4+t, y=3%, 2=1—-t e) — 2dy?
c) i f)—3
4. z=¢" T=1[1,2,7, A=11,2], s (1,2)
a)2e’r + e’y — 2 —3e* =0 d)2e?dr + e*dy
b)r=1+2e%, y=2+¢e%*, 2=€e2—1t e)de?dz? + 6e*dxdy + e*dy?

c)2e? i te ; f)2e?
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5. 2= a® + 8y° —6ay+5, T=[1,1,7, A=[1,1], 5= 43 j
a)3z — 18y +2+7=0 d) — 3dz + 18dy
b)x=1-3t, y=1+18t, 2=8—1¢ e)6d’r — 12dzdy + 48d*y
¢)—37 +18 ) - L

—

6. »=aln(z®+y), T=[1,0,7], A=[1,0], 5=CD, C = [2,3], D = [3,2]

a)2c+y—2—2=0 d)2dz + dy
blr =142t y=1t, z=—t e)2d*r — 2dzdy — d?y
)27+ £)V2

7. 2= V(22— 22), T=1[2,27, A=1[2,2], s (—1,1)
a)ly+2—4=0 d) — 4dy
b)x—Q y=2+4t, z=—-4+1t e)6d*r — 16dzdy + 8d*y
c) — f) — 2v2

Piiklady: U zadanych funkei urcete a) tecnou rovinu v bodé T
b) normélu v bodé T plochy z = f(z,v)
c) gradient v bodé A

-
d) derivaci ve sméru s v bodé A

8. 2=+ 2 —azy, T=1[3,4,7, A=[3,4], 5 (3,4)

a)172 + 11y + 52 — 60 = 0 o) -1y
b)e =3+ 17, y = 4+ 11¢, 2= —7+5¢ d)— L

9. z=sin{, T=[r1,7], A=[n],1 5 (1,1)
a)r —my+2=0 c)—?—i—ﬂ'j
blx=n—t, y=1+mnt, 2= —t d)%(—l—l—ﬂ')

10. 2=L, T=[1,1,7, A=[1,1], s (1,1)
a)r+y+2—3=0 c)—?—j
blr=1—-t,y=1—t, z2=1-t d) — 2

11. z=322+5¢2, T =[1,-1,7], A=[1,—1], s (cosa,cos ), a = = 45°
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12.

13.

14.

15.

16.

17.

18.

19.

20.

a)6zr — 10y — 2 —8 =0 )67 —10 7
b)x=1+4+6t, y=—-1—-10t, 2=8—1¢ d) —2v2
z=arctan?, T =[1,1,7], A=[1,1], 5 (1,1)
a)st—ty+2z—5=0 c)—%?—l—%j
bz =143t y=1—3t, 2=5+1 d)o
Z:hl($2—|—‘y2), T:[laoa?] = : (211
a2z —2—2+40 2
b)1+42t, y=0, 2= — %
zZ =Ty —xy,T:[Q,l,?],A: s B: [ 3]102[2:1]
a)3z+2—4=0 c)—33
blx=2+4+3t,y—1, 2= -2+t d) — \/%
e=%, T=[-127, A=[-12), 5 (5,-2)
a)8r —4dy+2+12=0 c)8dz + 4dy
bl =—-1+4+8t, y=2+4t, 2=4—1 d)%

Urcete tecnou rovinu plochy z = arctan , ktera je rovnobézna s rovinou p: . —y +

+22-1=0, o—y+2:— = 0]

Nalezné body, v nichz velikost gradientu funkce z = (z? 4 yQ)% je rovna 2.

[ body lezici na kruznici 22 +y? = %]

Urcete derivaci funkce z = In(z? 4 y?) v bodé A = [1, 2]
a) ve sméru te¢ného vektoru v bodé A ke kiivee y = 24/ [i]
b) ve sméru, v némz je derivace maximélni. [i]

Napiste rovnici tecné roviny k plose z = 4 — 22 — 92, kter4 je rovnobézné s rovinou

p: 2x+4+2y+2=0. [2&?—1—2@;—}—2—6:0]

Napiste rovnici tecné roviny k plose az = z2 + 9%, (a # 0) v bodech, v nichz piimka
x = y = z plochu protinA. [x—i—y—z—%:O,z:O]
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21.

22.

23.

24.

25.

KAPITOLA 3. DIFERENCIALNI POCET FUNKCI VICE PROMENNYCH
Dokazte, ze funkce u = In(z? + y% + 2?) vyhovuje rovnici u = 2In 2 — In |grad /2.

Najdéte tecnou rovinu prochdzejici bodem A[0,0, —1] a rovnobéznou s piimkou p :

T=4+42t y=2+t, 2 =442tk funkei 22— 92 —32=0. |4z —2y—32—3=0]

Najdéte délku tisecky na pifmce z = 2, y = 3, z = t mezi plochou z = 2% + y? a jeji
tecnou rovinou v bodé T'[1, 1, 2]. [5]

Urcete objem ¢tytsténu, ktery je tvofen souradnymi rovinami a te¢nou rovinou plochy

ryz = a® v obecném bodé T'[xg, yo, 20]. [g&?o’yozt)]

Urcete soucet velikosti tiseku, které vytind na souradnych osich teéna rovina plochy

VT + /y+ /2 = +/a v libovolném bodé Alzo, yo, 20]. [souéet je konstanta a]

3.4 Tayloruv polynom

Piiklady: Napiste Taylorav polynom stupné n pro funkci z = f(z,y) v bodé A.

1.

2z =sinzsiny A=11%, n=3
BHie-D+i-D-te- 1P+ ie-DE-D - Hy- 12— @1 -
—i@ =D -D -1 -Dy - 577
z=¢€"siny A=1[0,0], n=3
v+ oy + Loty — L]
z = sin(zy) A=1[0,3], n=2
5o +2(s-3)]
z= A=1[0,0], n=2
cosy
131
=In(l+z+vy) A=1[0,0], n=3

24y — L + 20y + 4?) + 22 + 32y + Bay? + o)
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6. z=In(1—z)In(1 —y) A=1[0,0], n=3
[xy—l— 1zl + xy]

7. 2 =32% +sin’x + 5y — 2 A=1[0,0], n=3
_—2+5y+x2—|—3x2y]

8. z=ylnzx A=[1,1], n=2
(0=1) - He =17+ @ - Dy - 1]

9. 2=% A=[-1,2], n=2

10. z = zsin’y A=[1,%Z], n=2
1+E@-D-@w-]

11. z2=32% —2zy+9y®? — 22 — 3y +1 A=[1,2], n=2
[—2—y+3@-1)2—2@-1E-2)+ @y —2?

12. z=a*+ 9> — 22y A=[1,1], n=3

;—2+y+3@—1?—2@—4xy—U+3@—¢V+(x—ni+@—1ﬂ

13. z=c

os(z
1-7]

14, z=—2L _ A=10,0], n=2

1—z—y+zy

) A=1[0,0, n=3

z
[ +z+y+a?+y° +$y]

15. z = z¥ A=[1,1], n=3
[z 4 @- 1)y —1)+ i@ -1y -1)]

16. z = e*tyt! A=1[0,0], n=3

_e—l—ex—i—ey—l—%—l—exg—i—%—i—%—i—em;y—i-emfg—l-%

17. z =eYsinz A=1[Z,0], n=2

(z—X)2 2

l+y——F—+%
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18. 2 =InzIn(1+y) A=[11,n=3
[m2(z—1) - 22— 12+ Le -1y —1)+ 2 —1)° — Lz - 1)%(y—1) -
~ e -1y - 1]
19. 2 =In(z + 2y) A=11,0], n=3
[x — 142y — @ —2(z—1)y -2+ 3(z —1)*+2(z — 1)%y + %y3]

3.5 Lokalni, vazané a absolutni extrémy

3.5.1 Stacionarni body

Piiklady: Uréete staciondrni body danych funkei 2z = f(z,y).

1. 2= (52 + Ty — 25)e~2"+v 5=[-2, 2|

9. 2=z — 2y +3arctan S, = [0,0] nevyhovuje D(f), S, = [€, 2]]

3. :=%+y+lny@FyP  [Si=[0,0] nevyhovuie D), S; = [ - 2,—1]]
4 2= y/TFa+oyITT 5=[-2-2]

5. 2= cos’x + cos?y (5= [tz &) ke 2

3.5.2 Lokalni extrémy

Priklady: Urcete lokdlni extrémy danych funkei.

1. z2=e*(z+ 9%+ 2y) [5, 1], lokélni minimum]
2. z=x22—9y?+ 22— 2y staciondrni bod [—1, —1], nenf extrém ]
3. z2=2%-3zy+9° [1,1] je lokdln{ minimum, [0, 0] je stac. bod]



3.

5.

4.

10.

11.

12.

13.

14.

15.

16.

17.

LOKALNI, VAZANE A ABSOLUTNI EXTREMY

2= (r—y+1)>2
zzxﬁ—xQ—y—i—ﬁx—i—S
2 =223 + xy? + 5z + 92

z = 23822 — 6zy + 3y?)
z=ay+ P+ 7
z:5xy+%+§, z,y >0

2 = 27x%y + 141 — 69y — 5dx

z=Inf+2my+In(12—z—y)

2 =23+ 3y’z — 15z — 12y

2= e PV (22 + 2?)

z = zyln(z? + 3?)

z=z2—ay+y?+ 9z —6y+20

2z =23 — 2y + 5z + 92

2z =1y® + 3zy? + 223 + 922

[ 1, 2] je stac. bod, [—2,0] je lok. max]
:[—1,2] je stac. bod, [0,0] je lok. min.]
:[—i, —2] je stac. bod, [0,0] je lok. min.]
5,2] je lokalni minimun]

[%, 2] je lokaln{ minimum]

[1,1] je lok. min., [~1, 1] lok. max.,

[@’\/%] [_@ _\/__] jsou stac. body

[[3? 6] je lokalni maximum]

2,1] je lok. min., [-2, —1] je lok. max.
[2.1] ,[=2,-1] ,
[1,2],[—1,—2] jsou staciondrni body]

[[0,0] lok. min., [0, 1],[0, —1] lok. max.,
[1,0],[—1,0] jsou stacionirn{ body]

[uy
[uy

[[E’ ?]: [_\/%; —\/%] lok. min.,
[_éﬂﬁ] [% —\/12—] lok. max.,
[1,0],[-1,0] jsou stacionirni body]

[[—4, 1] je lokdln{ minimum]

[[O 0] je lok. min. a [—2,0],[1,4],[1, —4] jsou
dalsf stacionarni body]

[[—3,0] lok. max., stac. body: [—1,2] a [0, 0],

o bodu [0, 0] nelze rozhodnout]

61

v bodech primky y = z+1 jsou neostr4 lok. min.]
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

KAPITOLA 3. DIFERENCIALNI POCET FUNKCI VICE PROMENNYCH

2= (1-2%)5(1—y?)3

z=ry(l -z —y)

2 =3+ zy? — 2zy — 8z

z=z+axy+y?— 62 —9y
2=z 4+8y> —baxy+5
=22 +ay+yl+r—y+1
2 =23+ 322 + dzy + 32

2z = 23y? + 322y + %yQ + 3y

z = e Y(z? — 2y?)
z=zxln(z? +y)
=234+ 8y> —b6zy +1

z=x—2y+In/z?+ y*+

+3 arctan 2

calba

:=2+a)i2-y)

R e

[[0?0] je lok. max., v bodech piimek z = 1,
r = —1, y = —1, y = 1 jsou neostra lokaln{

minima]
[[%, 2] je lok. max., v bodech [0,3], y > 1 a [z,0],

x > 1 jsou neostrd lok. minima., v bodech [0, y],

y <1a[z,0], z <1 jsou neostra lok. maxima]

[[\/g, 1] lok. min., [—+/3, 1] je lok. max.,
[0,4], [0, —2] jsou dalsi staciondrn{ body]

:[1, 4] je lokaln{ minimum]
:[1, 3] je lok. min., [0,0] je stacionarni bod]
:[—1, 1] je lokdln{ minimum]

o

4 . . . . ” ’,
3+ 3) je lok. min., [0,0] je staciondrni bod]

:stacionairm’ body: [0, -3], [-2,1], [1,—2],

u bodu [1, —2| nelze o extrému rozhodnout]
:[—4, —2] je lok. max., [0,0] je staciondrni bod]

[0, 1] je stacionarni bod]

:[1, 3] lok. min., [0,0] je staciondrni bod]

[[1? 1] je staciondrni bod]

[V bodech piimek xz = —2, y = 2 jsou neostra

lokalni minima]

[[2? 0] je lokéln{ minimum]
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32. 2= (z+1)2Y/(1 — y)?

33. z=yr—y*—x+ 6y

34. z=1+6y —y? — 2y — x°

35. z =22 +4xy+ 6y —22+8y—>5
36. 2= e Y(5 — 2z 4 y)

37. z2=82+1° — 6y + 4

38. z = a2+ xzy? + 6y

v bodech pifmek z = —1, y =1 jsou neostra

lokaln{ minima]

:[4, 4] je lokaln{ maximum]

2,4 je lokalni maximum|

17, 3] je lokAln{ minimum]

:[1, —2]| je stacionarni bod]

[%, 1] je lok. min., [0, 0] je staciondrnf bod]

[\/gj —3] je lok. min.,[—/3, —3] je lok. max.,

dalsi staciondrni body jsou [0,0], [0, —6]]

39. z=3+ (z2+y)e¥

40. 2 = ze—@+v¥?)

3.5.3 Vazané extrémy
1. z=2a*+9>, za podminky z+y -3 =0
2. z=x + 2y, za podminky z% + y> =5
3. 2 =2(2* +y?), za podminky z +y—1=0
4. » =6 — 4z — 3y, za podminky 22 +¢? =1
5. 2 = xy, za podminky z +y =1
6. 2z = 2(z® + y?), za podminky = +y = 2
7. z:%—i—i,zapodmfnkyx—i—y:?

8. z = cos®z + cos’ y, za podminky z —y = %

[[O? —1] je lok&ln{ minimum]

[[—1, 0] je lok&ln{ minimum]

[%, %] lok. min.]

:[1?2] lok. max., [— 1, —2] lok. min.]

[1,1] lok. min ]

[1,1] lok. min ]

[z + 52, = 4+ 5], lok. max. pro

k sudé, lok. min. pro k liché |
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z=zy(4d—x —y), za podminky z +y =1 [%,%] lok. max.]
z =x+ vy, za podminky zy =1 :[1? 1] lok. max., [—1,—1] lok. min.]

2z =¢eY(2z +y), za podminky z —y —3 =0 :[0,—3] lok. min.]

2 = 2eYz?, za podminky z =3 + vy :[—2,—5] lok. max.,
[0, —3] lok. min.]

2z = 22 — 22 + 22 + 4y, za podminky

22+ 47 =0 [[0,0], [=4,-2], [£,~2] lok. min ]
z = 2(z? + y?) — 2%y?, za podminky [xl = —1 lok. min., zp3 = -1+ /3
r+y+2=0 lok.max.]

z= Elg + glg, za podminky %—i— i =1 [[2,2] lok. min.]

3.5.4 Absolutni extrémy

1.

2z =x3 4+ y* — 9zy + 27 na ctverci = € (0,4), y € (0,4)
[[3?3] abs. min., [4,0], [0,4] abs. max]

2z = 3zy v kruhu 22 + 2 < 2
[[=1,1], [1,—1] abs. min., [1,1], [~ 1,~1] abs. max |

z=224+2ry —4r+8ynaobdélntku 0 <z <1, 0<y <2
[[1?0] abs. min., [1,2] abs. max.]

2z = 22+ y? — 12z + 16y na oblasti dané nerovnicf z2 + 3% < 25

[[3, —4] abs. min., [— 3,4] abs. max.]
2

2z = x? — y? v uzaviené oblasti 2* + 3% < 4

[[2,0], [~ 2,0] abs. max., [0,2], [0,~2] abs. min]

z=x?4+y*—2y+1na M = {[z,y];2® + v* < 4,2 > 0}
[[0, 1] abs. min., [0, —2] abs. max]
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7. 2=x*—ay+y*naM: |z| +|y| < 1
[[0,0] abs. min., [0,1], [0,~1], [1,0], [~ 1,0], abs. max.

8. 2z = zy*(4 — r — y) na oblasti omezené piimkami xr =0, y =0, x +y =6
[[2?4] abs. min., [1,2] abs. max.]

9. z=sinz+cosy+cos(zr —y)na M ={[z,y;0 <z < J,0<y <
HE E] abs. max.]

3’6

STE

}

10. z = 22+y?—zy+2+y—1 na oblasti vymezené pifmkami z =0, y =0, z+y—2 =0
HO?O] abs. min., [2,0], [0,2] abs. max]

11. z = zy(4 — z — y) na trojihelniku omezeném piimkami z =1, y =0, z+y =6
[[3?3] abs. min., [%, %] abs. max.]
12. z = 2 + 2zy® + y? — 2 v uzaviené oblasti omezené kiivkami y = 4, y = 22

H - 2,4] abs. min., [2,4] abs. max.]

13. 2z = 22 — zy — y* na étverci tvoreném body [1,0], [0,1], [—1,0], [0, —1]
[[0,1], [0,1] abs. min., [ - 1,0], [1,0] abs. max ]

14. z = arctan(2z? +¢*) nay>* — 1<z <1
HO?O] abs. min., [1, \/5], [1, —\/ﬁ] abs. max]

15. 2 =4 — (z — 2)? — (y + 3)? na oblasti omezené kiivkami y =0, z =1, y = /7

[[1, 1] abs. min., [1,0] abs. max.]

3.5.5 Slovni priklady

1. Rozlozte ¢éislo a > 0 na tii kladné séitance tak, aby jejich souc¢in byl co nejvétsi.

2. V roviné (z,y) najdéte takovy bod, ze soucet ¢tvercu jeho vzdalenosti od pifmek z =

=

¥

wla

bl

wla

e

0, y=0, z+2y—16 = 0 je minimAalni. 55|
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Do trojosého elipsoidu s poloosami a, b, ¢ vepiste kvadr maximalniho objemu tak, aby

[ 2a 2b 2c

jeho hrany byly rovnobézné s osami elipsoidu. T B

Urcete rozméry pravouhlého rovnobéznosténu tak, aby jeho objem byl maxima&lni.

Soucet hran je roven 12d. [krychle]

Urcete rozmér betonové nadrze tvaru étyrbokého hranolu tak, aby spotieba betonu
byla minimaln{ pro dany objem V nédrze. Tlousfku stén neuvazujte.

(92, 3V, 133V

. Z plechového platu 12 cm sirokého se ma zhotovit zlabek o prurezu rovnoramenného

lichobéznika. Jak velkou ¢ast z sitky x je nutno ohnout a jaky uhel ¢ maji svirat tyto
stény s podstavou, aby byl prufez maximalni. [(,0 =60°, = = 4]

Do polokoule vepiste pravotihly rovnobéznostén maximéalniho objemu. Polomér r» = 1.

11,

Bodem A = [a, b, c] ved'te rovinu tak, aby se souradnymi rovinami tvofila ¢tyistén s

minimalnim objemem. Urcete jeji rovnici. [% +¥+2= 1]

Rozlozte kladné ¢islo a na souéin étyt kladnych éisel tak, aby jejich soucet byl ma-

ximéln{. [a, ¥a, ¥a, ¥al

V roviné p : z + 2y — 2+ 3 = 0 urcete bod, jehoz soucet ¢tverca vzdalenosti od bodu

[1,1,1], [2,2,2] je nejmenst. [1, -1, 2]

Uréete rozméry vélce s maximalnim objemem, je-li jeho povrch S roven 6 dm?.

r=-—2 v=
=%

)

Na kiivce z + 2y + 3 = 0 urcete bod, ktery je nejblize pocatku. H — %, —g]]

sh

Pro jaké rozméry mé odkrytd vana tvaru poloviny vélce s povrchem S = 27 ma-

ximélni objem? [fr = %, v = %]
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14. Mezi vSemi trojuhelniky s obvodem [ najdéte ten, ktery mé nejvétsi obsah.

15. Na parabole 32 = 4z najdéte bod, ktery je nejblize pifmce z —y+4 = 0.

3.6 Funkce dané implicitné

Névod: l=2s=a+b+c, P=/s(s—a)(s=b)(s—c).

[rovnostramljr]

[11,2]

Piiklady: Urcete prvni a druhé parcidlni derivace v bodé A funkce y = f(z), kterd je

ddna implicitné rovnici.

10.

2l —oy+ 2P+ —y—1=0

Cxy+yi—222=0

eV —y4+22-1=0

cos(zy) —y =0

ye™ = ¢

A=0,1], [0,-2]
A=, [3-3]
A=, [3.3]
A=0,1], [0,-1]
A=[,1], [-1,-2

Piiklady: Uréete prvni derivace funkce 2 = f(z,y), kterd je ddna implicitné danou

rovnici.

cos(azx + by — cz) = k(az + by — c2)

2= 111%
_ 2 _ .2
z = /% — y?tan m‘j—yﬂ

r+y+z=¢€¢"

z

' ! 2

L

-z’ = 1,2 = —1]

LT Y

[ ! _ 1 _ !
.Z-'n-" T (zty+z-1) Z!J

)

" (:.c—zf—z) By = y(m+z)]

P rz S = _-wz
[z T (@2—2)y T (22—2)

Piiklady: Vypoctéte parcidni derivace prvniho fadu v bodé A funkce 2z = f(z,y),

ktera je ddna implicitné danou rovnici.



68

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

KAPITOLA 3. DIFERENCIALNI POCET FUNKCI VICE PROMENNYCH

P-4 2:—1=0  A=[0,1,1] [ =12 =1]

B4y +23—-2-1=0 A=11,0,1], [2;:%,2’:0]

cos’z + cos’y +cos’z—1=0 A=1[%,%, %], [z;(A) = —1,2,(A) = O]

e +ady+z+5=0 A=[1,-6,0], [2,(4) = 6,2,(4) = -]

T CosY + ycosz+ 2cosxT = a A=10,0,a], [z;(A): —1,2,(A) = —cosa]

Piiklady: Vypoctéte parcidlni derivace druhého fddu funkce z = f(z,y), ktera je

ddna implicitné danou rovnici.

" —(z+1 2_(2_p)2 " 2(z41 2_4q2
T2t Aot 2 - 1=0 [ZM - %?Zw - (z(zil)sy';
"o —(2—:..")2'y3
Zay = T 241 ]
3zyz —22+1=0 [2” _ 2Pzz S = 2x3yz
Y B zz — (zy—2z2)% vy T (zy—22)3?

Z.-r - 223my—z5+m2y22]
= T (zi—297%
Ty (xy—2z2)

" 1— 2+2 " 1— 2—}—2
o2+ +22-22=0 [me:%’zwz%’
" Ty

Zry = 127

.z [ » _ —z234222-2; M —3234222 9
TYz =€ _2:..":.." - mﬂ(z—1)3 Y Yy T y2(2—1)3 1
"
—__2
Zry = zy(z—1)3
2z . i - "o_9 [ ___ _sinycoszx 9.2z 3 2z]
e” + zsinz —cosy+5=0, 2,y =7 |2y = —Genramap(—2€ sin z + 4ze**)

Piiklady: Vypoctéte parcidlni derivace druhého fddu v bodé A funkce 2 = f(z,y),

ktera je dand implicitné danou rovnici.

PP 2:—1=0  A=[0,1,1], [ =—1,2, =32, =4
B4y +23—-2-1=0 A=11,0,1], :z;m:—¥,2;y:0,z;y:[]]
e —zyz+22—2=0 A=11,2,0], 2;;,» =—2,2,,=0,2,, = —2]
rcosy+ycosz+ zcost—1=0 A=10,0,1], 2;;,» = l,z;y = —sin 2,




3.6. FUNKCE DANE IMPLICITNE 69

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

22 —3zyz—a*=0 A=10,1,qa], [2” =0,2, =0,z = l]

rT yy — 1 fry T g

Piiklady: Urcete rovnici te¢ny a normdaly v bodé A funkce y = f(z) dané implicitni

rovnici.
2402 —13 =0 A=[2,-1], [t: 9y—22+13=0,n: 2y+92—16 = 0|
cos(zy) —z —2y =0 A=11,0], [t: 2u+xz—1=0,n: y—?x—i—?:[}]

eV —sinz = A=17,0], z4 € (0,m)
[t' yzﬁ(x—ﬂ) n: y:—l(x—ﬂ)]
: 2 6/ " " V3 6
Iny + 3" =0 A=00,7], [t: y— L =—Zaon: y— L ==y
zy—lny—1+2=0 A= et e, [t: y—eQZ—j%d‘l(x_%)’

n: y—eQZ%(x—%)]
Piiklady: Naleznéte te¢nou rovinu a normalu v bodé A plochy 2z = f(z,y) zadané

implicitné danou rovnici.

42— 6=0, A=[1,2,—3] [2-2y—3:—6=0, z=1+¢,
y=2-2 »=—3—3
4+ 22+’ 4+ 22 =x+y+ 2, [5$+4y+z—28:[],$:2+5t,

A=1[2,3,6] y=3+4t, 2=6+1

24+ y?+22-49=0, A=[2,-6,7] [2$—6y+32—49:0, T =2+ 2t,
y=—6—6t, 2=343t; 20—6y—32—49=0, x =242t, y=—-6—-6t, 2= -3-3¢

(22 — 2?)ayz — o°, A=[1,1,2] 20 +y+112-25=0,2=1+2,
y=1+t, »=2+11t]

z—y—-InZ=0, A=[1,1,1] T+y—22=0, z=1+1,
y=1+t, 2=1-2]

4yt + 24 ryz—6=0, A=[-1,7,1] |5z+1ly+2—-18=0, z = —1+ 5t

y=2+11t, 2 =1+t
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e —z+xzy=3, A=12,1,7] [$+2y—4:0?:ﬂ:2+t,
y=1+2t, 2=0|

8= 2% 42 A—=1[2,2,1] [s4y—42=0, 2 =2+¢,
y=2+t, »=1- 4

e +yz=0, A=[0,-1,1] [m—l—y—z—i—QzO?&f:t,
‘y:—]_—i—t, Z:]_—t]

zcosz+arctan? =0, A=[0,7,1] [:Bcosl—i—y:O, T=tcosl,y=1t, 2=1

Piiklady: Naleznéte rovnici teéné roviny plochy 2 = f(z,y) uréené implicitné danou

rovnici, ktera je rovnobézna s rovinou p. V dotykovém bodé urcete rovnici normaély.

324+ 292+ 22 -21=0, p:6x+4y+2=0
[6$+4y+z—21:[]; br+4dy+2+21=0;, 2 =24+6t, y=2+4t, z2=1+1;
T= 246t y=—2+4t, 2= —1+1]

r(y+2)+22=1, p:3x—2y+62=2

[3$—2y+62—\@:0; 3z — 2y + 62 4+ /40 = 0; x:—\/%—i—&t, y=—

_ 4 o 2 _ 1 _ 4
Z—m‘i‘Gt,&T—m‘i‘gt,’y—m—?t,Z——m‘i‘ﬁt
w24+ 4y’ +22-36=0, p:x+y—2=0
[x—i—y—z—gzo;x—i—y—z—i—gzog$:4—i—t,y:1—i—t,z:—4—t;
r=—-44+t, y=—-1+t z=4—1

z—arctan¥ =0, p:z—y+2:—1=0

w24+ 2y +322=21, p:x+4y+62=0
[x—|—4y—|—6z—21:[]; r4+4dy+62+21=0;, z=1+4+1t, y=2+4t, z =2+ 6%;
r=—-14+t y=-2+4t 2= -2+ 6t
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46

47.

48.

49,

50.

51.

52.

53.

54.

55.

56.

162> +9y> + 422 =88, p: 8z + 9y +62=0
[8$+9y+6z—44:0; 8r+9y+624+44=0; =148, y=2+49t, z =3+ 6t;
r=—148 y=—2+0 z=—3+61]

47 + 9y? + 1622 =88, p: 6x+ 9y +82—82=0
[6$+9y+8z—44:0; 6r+9y+824+44=0; x=3+4+6t, y=249t, 2 =1+ 8%
T= 346t y=—2+0 z=—1+84

Naleznéte tecnou rovinu ke grafu funkce dané implicitni rovnicf (z —1)?+3*+ 22 = 2,
ktera je kolma k rovindm 2z — 2y —2=3, z —y — 2= 0.

[24y-3=0 c+y+1=0]

Na plose dané implicitné rovnici z? + 2y? + 322 + 22y + 222 + 4yz = 8 uréete body,
v nichz jsou tecné roviny rovnobézné se soufadnymi rovinami.

([0, ~2v2,2v/2], [0,2v/2, ~2/2), [2, —4,2], [~2, 4, ~2], [4, ~2,0],[4,2,0]

Urcete tecnou rovinu grafu funkce e* — z 4+ xy = 3 kolmou k pfimce x = 1 + ¢,
y=1+2t, 2=1.
[242y—4=0, 2+ 2y+4=0]

Piiklady: Uréete staciondrni body funkce 2z = f(z,y) dané implicitné rovnici.

5z? + by? + 522 — 2xy — 2x2 — 2yz = 72 :[11 1], [_11_1]]
22 —2zy+ 22 —4dr+42=5 :[01 _2]:
2+ 2y +32° + 20 — 4y — 122 +8 =0 :[_1’1]:
2?4+ y? — 22— 4o+ 6y +22+16=0 :[21—3]:

Piiklady: Naleznéte totélni diferencidl prvniho faddu funkce 2 = f(z,y), kterd je

ddna implicitné rovnici.

cos?x +cos?y + cos?z =1 [ — -1 (sin 2z dx + sin 2y dy)]

sin 2z
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e —zxzyz=20
In(zyz) + 2%y =0
22 +2y2+322-1=0

arcsinf;+3y2:0? x>0

3.7 Parametrizace krivek

.x(zz—l) dz + y(zz—l) dy]

dz z(1+2%y) dy]

z
T x(14222y) T y(14222y)

[ 2
_—%M—ﬁwl

% dx — 6yv/x? — 22 dy]

Priklady: Najdéte obecnou rovnici kiivky dané parametricky.

1.

10.

r=1t"—-2t+3, y=1t2-2t+1, t € (1,0)

_ a _at
=V Y= e ER

r=t2+t+1, y=t2—-t+1
r=4+4t? y=3+4t

r= -2 = btant

cost? Y

y = —2]
:xQ—l—y?:aQ]
:(x—y)Q—Qx—Qy—l—ﬁl:O]

(y—3)° = 4z - 9)]

Priklady:Najdéte parametrické rovnice ktivky, ktera je prunikem dvou danych ploch.

z=u=xy, y=Inzx

$2+y2+22:r21 $2+y2_z2:0

2

2?2 =12, 2= a2 —y?

’4+22=a% Y +22=0, >0

z=t, y=Int, z=1tlnt, t>0]

_$:t4? y=1t% z=t, tER]

[m =rcost, y =rsint,

z=r12cost, t € (0,2?1')]

[m = Va2 — b?sin’t, y = bcost

z =bsint, t € (0,2?1')]



3.8. TECNA A NORMALOVA ROVINA PROSTOROVE KRIVKY

3.8 Tecna a normalova rovina prostorové krivky

Vzorce:
k: xz==x(), y=y(t), 2= 2(t); t € (o, B)

(®),9(2), 2(2))

—

smérovy vektor teény = (%
normélové rovina p = (T, 7, = t)

Priklady: Najdéte teénu a obecnou rovnici normalové roviny prostorové kiivky.

1L k: t*4+82+1, y=4t3+5t+2, z=t*—t vbode T = [3,-7,2]
[t: 2=3—6t, y=—T+17t, 2=2—5t; p: 6z — 17y + 52 — 147 = 0|

2. k: z=t3—-t2-5, y=3t2+1, 2=2t3—-16 v bodé T pro t; = 2
[t: o=—1+42t y=13+43t, 2=6t; p: 22+ 3y+62—37=0]

3.0k t2—t, y=1¢>, 2=3t"—-2t2vbodé T pro t; =1
[t: o=t y=1+3t 2=1+10 p:a+3y+ 10— 13 =0]

4. k je pronikov4 kiivka ploch z = 22 +y*> az =y v bodé T = [1, 1, 2]
[t: r=14+t y=1+4+1 2=244¢ p: x—i—y—l—ﬁlz—lO:O]

5. k: 2?4y +22=25 2+2=5 T=1[22V3,3
[t: r =241, y—Q\/_—i— lt z=3-1 p: 13—1—2—\1/53;—2:0]
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Kapitola 4

Diferencialni rovnice

Priklady: Zjistéte, zda dand funkce je fesenim dané diferencidlni rovnice.

1. y=sinz, ycosz —sinzy =0 :a;no
2 y=az*+2+2 ¢y +3z=0 :ne:
3. y=zcosz, y +2y —y=3z :ne:
4. y=y=3—sin’z, y +2y = —4cos2z :ne:
5. y=12e" —e 7", y”—yr:—e% :a;no]

4.1 Diferencialni rovnice se separovanymi proménnymi

Priklady: Naleznéte obecné, pripadné partikularni feseni danych diferencidlnich rovnic.

1. 2\ /z=1y :y: ceﬁ]

2. (zy® + z)dx + (y — z2y)dy = 0) :yQ =clz? — 1| — 1]
3.yV1I—a2—y2—-1=0 :arctany:arcsinx—i—c]
4.y =2ylnz, yle) =1 :y:(x]nx—x—i—l)Q]

75



76

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

. x—l—xy—i—y’(y—i—xy) =0

Y =(2y+1)cotz, y(%) =1
yy = 1—y2m
y =107t
1+ q) =1

siny cos zdy = cosysin zdz, y(0) =
xy’ +y=0
y =ycosz
L —dy — cot zdx =0, y(§) = L

2y+1 2

nyy’ +y= :Cy’ — 23y

(1 +y*)dr — y(1+ z%)dy = 0, y(—2
'y’ = msm_—?ﬁ

(y—Dy—2)-y =0

y—y +ay =0

y —ay?—y?—zy—y=0

y —1?lnz =0

y +2coszsin®y =0

y' sinz —ycosz = 0, y(5) =1

e (1 + z?)dy — 2x(1 + €¥)dz =0

™
4

KAPITOLA 4. DIFERENCIALNI ROVNICE

e = cl(y + 1) (@ + 1)

1]

:y3 =3z(1 —xz)+ c]

Y= 2sin’xz —

10° 4+ 1077 = |
I arcsiny + arcsinx = c]

d

? COS $]

_(1 —e %)c
| cosy =

=

y+1
.y = T zhnz—=z + C]

| coty = 2sinz + c]

Yy =csinze, yg= Sinx]

:yzlnlc(1+x2) — 1|]
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25

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39

40.

.y cotr+y=2 y(r)=-1

bodem [0, —1]

sinzy —ylny =0

etV — gy =0

ylny+zy =0, y(1) =1
zy +y=1v% y(1) =3
(z+1)y =1-y, y(0)=5
e" Vdxr — eV Tdy =0

y—zy =1+z%, y(1) =1

e:.c-f—y(l _ e—y) + (1 + B‘T)Zy’ -0

22\ /14+ 12+ 21+ 2% =0

2(1+e)yy =e*, y(0) =0
y’ +ycosx = cosz

cos?zy = (1 +cos’z)/1 — 2

yrea'“2 — 2z = 0, partikulérni feseni jdouci

[yo =2 - 3cosx]

=]

[ —1
Iny = oy /=2t ]

:em +e V= c]

:xlny =c y= 1]

[ _ 1
[y —Injer — 1] = c - L]

V1492 + V1 + 22 = In(jy+
+v 1+ 92|z + V1 + 22)) +C]

:yQ =In|l+¢e* — 1112]

:y =1 + ke—sin:c]

'y = arcsin(tan + x + ¢) A

y=1A yz—l]

[Siny = 001559]

[a;rcsiny =z + c]

77
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4.2 Linearni diferencialni rovnice 1. radu

Priklady: Naleznéte obecné, piipadné partikuldrni feseni danych diferencidlnich rovnic.

—_

[

]

W

10.

11.

12.

13.

14.

15.

16.

17.

18.

. y’tanx—y:a
Ly 42y =4z
Ly 4 2zy = ey

’ .
. Y cosT = ysinz + cos® x

Ly =2zy—a2*+ o
(1+2%)y —2zy = (1 4 2?)?
y’—l—y:cosx

LY 4ay=em™

zy +y—e* =0

zy +y=1+Inz
2zy — 6y = z2

y cosz+ysinz =1
zy Inz —2y=Inz

y —sy=2a°

Yy +y=4da
yr—i—%:ex, r#—1
y —ytanz = cotx

Qr+1)y +y=2

_y = Cosz

Yy = cx® —

:y = csinz — a]
:y =ce 422 — 1]

y=cc+3)]

c + T + si];:.c]

2coszx

[ 2 1.2
Yy = ce” —i—§$]

y = (1422 (c+2)]

1

'y = ce”® + 5(sinz — cos :B)]

2

-’y:CG_a'T—l— 1 emx]

m+a

y="Le+en)

:y: %—l—lnx]

3 1.2
2:""]

|y =ccosz —i—sinx]
Y= cln®z —111&,"]
[ 3
y=cr 4]

:y =ce * 44z — 4]

[ _ xe"“-}—c]
_y - 14z
In 1—cos:z:+c
_ 14cosx ]
.y o cos T

[ a1
Y= mT + \/2§+1]
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19. 3 + ycosx = sin 2z
20. y —ytanz = 2cos?z
21 ¥ + =y =1, y(V2) = Ve
22. y + ay =322, y(1) = -3
23. z%y = 2xy~3, y(—1) =1
24. y'sinz —ycosz = e*sin’z, y(5) =0

25. y + {5 =sinz, y(0) =0, = # —1

!

26. y — 2y = (z+1)* y(0) =1
27. y — 2wy = 2z, y(0) =4
8. a2y - =z, y1)=1, c# -1

29. y +ycotz =sinz, y(Z)=1

30. zy + 2y = 2z cos 2z + 2sin 2z, y(w) = 1

'y =2(sinz — 1) + ce_Si“m]

:y — Qtangx — 28n’c | L]

3 cosr CcosT

'y = sinz(e” — e%)]

Yy = —cosz+ i‘_’;: + H%
y =1+ 1)+ Lz + 1)
-’y e (&,"2 + 4)81‘2]

y=50+ x—i—lnx)]

_ 2x—sin 2:.."+4—?r]
_y - dsinr

|y = sin2z + %;]

4.3 Exaktni diferencialni rovnice

1. zdz+ydy =0, y(0) =1

3. (322 + 6xy?)dz + (62%y + 4y*)dy =0

4. %‘}dx—i—%ﬁﬁdyzo

5. (223 — zy?)dx + (2y® — 2%y)dy =0

dr—zd
6. Lo =0

22 442 = 1]
-]
:x3 + 3%y + ¢yt = c]
22—y = o]

.

xr

1‘22 4
2 -2+ L4 e=0)

a;rctan% = c]

79
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

3r2ydz + (23 +y?)dy =0
eV dz + (ze¥ — 2y)dy =0, y(0) =0

(z+2y*)dz + (y+ 2%y)dy =0

(423y® — 2zy) dx + (3z*y? — %) dy =

(3e*y —2)dz + e**dy =0, y(0) =€

KAPITOLA 4. DIFERENCIALNI ROVNICE

x—arctan% = c]

[ .2

@yl det (- +3)dy =0, y(0) =1 [L—Liay+ao+3y—2=0]

8-
wev — 42 = 0]

2+ a2y 4y = ]
0 oty? — a2y = ]

:yeh —2te= 0]

(cosy+ycosz)dr + (sinz — zsiny)dy =0 |zcosy+ysinz = c]

cosycoszdx + (i —sinzsiny)dy = 0,

s

partikuldrni feSeni jdouci bodem [7,

(£ 4 2z)dz +Inzdy =0

Zl _sinxcosy—i—lny—ln%:O]

:ylnx—i—xQ—l—c:O]

(sin?y + e%)dz + zsin2ydy =0, y(0) =2 _xsin2y—i— e —1= 0]

=3

eydz + ezdy =0, y(0) =0 e —1= O]
(\/;Tyg—y)dx—i-(\/h—x)dyzo I $2+y2—$y—|—c:0]
(—gfpr +62)dz+ HHdy =0, y(1) =1 _arctang+3x2—g_3:o]

4.4 Linearni diferencialni rovnice s konstantnimi ko-

eficienty, homogenni

Priklady: Najdéte obecné nebo partikularni feseni danych diferenciélnich rovnic.

1. 'y” - 'y’ — 6’9‘ = 0, ’y(O) = 0, ’y’(O) = -1 ['y = —%331‘ -+ %8_21‘
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2

]

10.

11.

12.

13.

14.

15.

cy —4y +4y =0

Yy 43y +3y +y=0

Y+ 9% =0, y0)=1, y'(0)=2
Yy =0, y(1) =2, y'(-1) = -2

YW 4+ 13y +36y =0

y!’” o 6y” + 13y1 — 0
. yﬂ'fﬂ'_zyﬂ'!_y!—i_zy:o

cy =9y 4 26y — 24y =0,
y(0) =26, ' (0) = 54, 3" (0) = 108

y(5) + Sym + 16’9" _ 0
yn . 4y _

nr

y —8y=0

Yy _yF =0, ’y(O) =3,
y(0)=-1,4(0)=1
y W —y=0
yW 44y =0

y=ca+ coe’® + cheh“]
Y= cie T+ coze ™ + 031326_“'“]
Y= 2 sin 3z + cos 3$]

3

y=2- 2+ 2]

y=a sin 3z + ¢5 cos 3x + c3sin 2+

+c4 cos 2&?]
[y = 1 4 €3 sin 2z + c3e>* cos 2&?]

[y = 1€ + cpe + cgex]

[y = 21 4 8 — 364“'”]

[y = ¢1tep8in 2x+c5 cos 2x+cyx sin 2+

+c5x cos 2$]
[,y — 0162:.." + 028—2:.."]

[y = 1% + coe® cos V3T +
+cze T sin \/373,"]

:y =2+ e_m]

ce¥ + coe 4+ cgsinx + ¢ cosx

Yy = c1€* cos T + c2€” sinx + cze”* cos x4+

+ee”Fsine
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4.5 Linearni diferencialni rovnice s konstantnimi ko-

eficienty, nehomogenni

4.5.1 Metoda variace konstant

1y + 4y = -2

10

11

12

) y”—Qy’ﬁ—y:—

. y”_’_gy: 1

: y”—i_y: Cos T

" I 2
Y —3 =2y

sin 2x

eT
xr

. yn—i_yﬂ' :H—%

y 44y +4y=ehz

.y +y=tanz
. y”—i_ﬁl‘y: 00512:.."
yr’+3y’+2y:€r—]‘-"f

—2z

) yr!+4yr+4y:e—

r3

sin 3z

1

Y 43y 2= G

xT

[y = (¢; — $x) cos 2z+

+(c2 4 1 In|sin 2z|) sin 2&?]
Y = c1e” + cowe® + ze”In |$|]

-y =c + Cge_-'” —+ In e:—T— —_ 111(1 —+ e-'*v")e_:c]

Y= (a1 — % Inz+ %g)e_zx—i—
+(c2+zlnz — x)xe_h“]

sinr—1
sin 241

[y:clcosx—i—cgsinx—i—%ln} {cosx]

[y = ¢y cos2x + ¢, sin 22+

41 cos 2z In | cos 2z| + S sin 2&?]
:y =ce ¥t e ez — 1)]
:y = (1 + coz + é)e_m]

1

Yy = ¢ o8 3T + ¢z sin 3x — 3T cos 3T+

+3 In | sin 3z sin 3$]

[y = ¢y cosT + casinz + cos zIn | cos x|+

+z sin x]
[y = c1e” + 67 4 (e7% + e 2%) In(e” + 1)]

[y = 1™ + cpe” + e In(1 + e %)+
+e*In(1 + em)]
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" 2

y' 4 4y = cot 2z

y”_gy!—i_y:lj—%

" _ 1
Y +y ~ sinzx

" 2
Yy —y=cos‘zc

y' +2 +y=4e*Inz

Yy +2% +y=e/1+z

y” +y=cot’z

" ! 3x
y =3y +2y= 25

82:2:

¥ =Y = Are

Y +4y = 55

sin“ 2r

y' — 2y 4y = e arctan

y=cie® + e +efIn(l +e7%)—
e *In(1+¢€*) — 1]

Y = 10082 + ¢y sin 2z + 4 In | tan z| sin2x]

Y = c1e” + cpwe” — e*Invz?+ 1+

+e®x arctan x]

[y = (In|sinz| + k;)sinz + (ko — x) cos x]

[Névod: cos? p = 1feos2e

(3]

Yy = cre’ 4+ e — % — lcos?x]

[ _ 1 cosxr—1
_y—(cosx—i—ﬁln{cosxﬂ}—i—cl cos T+

L) sin x]

+(cp —sine — 5=

y = (In(e” +2) + c1)e* + (e* +2—
—2In(e* + 2) + cz)em]

y=2V1+e*—2(VI+e)P +ei+2V1+ e+

cgem]

[v = (~4mn ez + o) cos 20t

1—cos2r
+(cg — 552 sin 2&?]
[y = (310 [3502] + 1) cosa+
+ (02 — 3 ]11 { }Jrgz;} smx]

[y—( arctan z +  arctanz — 3z + c;)e’+

(zarctanz — +In|1 + 2%| + ¢?)ze® ]
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4.5.2 Metoda neurcitych koeficienti - specidlni prava strana

Priklad: Lineirni diferencidlni rovnice ma tyto kofeny charakteristické rovnice: —1 je

trojnasobny kotfen, +2i, 3+4i, 0 jsou dvojnasobné koreny a 43 je jednondsobny. Navrhnéte

partikuldrni feSeni pro dané pravé strany:

1.

&

8

3ze®

. 2z cos 3z

28—3:.."

r2e3 sin4dx

. 1023

283:.."

rsinz + b5z

$262x cos 3z

(dz® + ex + f)sin 3$)]

. bz?sin 2z

:yo = 23 (az + b)e_x]
:yo = (ax + b) sin 3z + (cz + d) cos 3:3]

o= ae™]

:’9’0 = ze**((az? 4 bz + ) sin 4+
+(dz? + ex + f)cos 4&?)]

[yo = 2?(az® + bx® + cx + d)]

['9’0 = Yo1+¥Yo2, Yo1 = (ax+b)sinz+ (cx+d)cos,
Yoz = e’ (az® + br + c)]

[’y’o = e**((az® + bz + c) cos 3z+

[yo =z ((ax?® 4 bz + ¢) sin 2z + (dz? + ex + f) cos 2$)]

Priklady : Najdéte obecné feseni dané diferencialni rovnice.

1

4

ot

Ly — 4y = 823

.y +y=e"sin2z
Y — 4y 4y = 3>
Ly —2 —3y=e¥
Cy® —y® =2 1

.y +y=4zsinz

Y= 1€ + cpe™? — 3z — 2:33]
Yy = c1cosx + cysinz — 5e”(2cos 2z + sin 2&?)]
Y= (a1 + 2z + %:ﬁ)e?x]

[ _ 2z T 1 3 ]
Yy = e + e —i—msmx—i—locosx

Yy=0 —1—02&,"—1—03:32—1—04 cosr+cssinz+ %135 — %:ﬁ]

'y = (1 — x%) cosz + (c2 + ) sin x]
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yr!+4yr_5y:1

Ly — Ay Ay =€

Ly —2 —3y=e¥

y' —3y +2y=zxcosz
y —2 +y=e*
y' — by + 4y = 4z%e*

y =3y +y=a4+1—e?

y' — 4y + 8y = €* 4 sin 2z

y' 4y =sinz + cos 2z
y' — 4y =sinz + 3z cosz

v +4y =2t +2

!

y — 2y =é"sinz

y" + 4y = 2?sin 2z

y' — 6y + 9y =3z — 8e®
2" + 5y =e*
5y" — 6y + by = 8% sin %x
Yy +2 +y = -2
gV — 3y =z

.y + 2y = 2z€”

[ — T -5z __ 1]
Yy = e + ep€e 5
Yy = c1e?® + coze?® + %e‘x]

Y= 0163:.." + C2e—x+ %84:&]

3

Y = c1e¥ e+ ({52 —55) cos T— (52 +5) sin x]

Y= ce® + coxre® + ezm]
Yy = €™ + cpe” + (22 — 227 — 3)625'“]

_ xr 2r 1 _—2x 1 5
Yy = e + cae 7€ + 2$—i— 4]

y = c1€® cos 2z + ce*F sin 27 + 41625'“—1—

1 1
15 €OS 2z + 56 Sl 2:3]

Yy =c1coST + caSinT — %xcosx — %cos?x]

[ _ 2x —2r _ 3 3 -
Y =c1e® + e + (=57 + 55) cosT — 5 smx]

_ oz —4r | 1.4 1.3, 11 53
Yy = c€ + e + 167 167 + 61T + 32]

Y=, + ce?® — Lesin x]

2

1

Yy = €1 coS2x + ¢y sin 2x — Ex3 cos2x+

1.2 1
6T sm?x—i—ﬁxcost]

Y= e¥(cy + coz) + % + %x — 285'“]

[ 2
—£ 1 :.."]
— T 1
-‘y (&) + Co€ + 76

[ 3 3
=r 4 « 4 1 s 4
5 (c1cos 5 + cpsin 5x) — gxes” cos 3&?]

Y =c1+ coe™" 4 caxe™™ — %em]

_ 2 32 _ 1.4 _ 1
_y—cl—i—ch—i—ch + eue 75T 6&?]

Yy = cisin V22 + ¢, cos 2z + ex(§$ — %)]
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4.5.3 Riuazné priklady

Priklady: Urcete partikuldrni feSeni dané diferencidlni rovnice s danymi pocateénimi

podminkami:
L 4y’ + 16y + 15y = de™¥, y(0) =3, y'(0) = —4 [y = (1 +2)e i + 2]
2. y' +6y +9y= 2z + 1)e, y(0) =5, y'(0) =% y = e (1524 5) + %xex]
3. y" 4y +3y =0, y(0) =6, y'(0) = 10 [y = 4e” + 26|
4 4y +4y +y=0, y(0) =2, y'(0) =0 y = e (x4 2)]

5.y + 3y + 2y =20cos 2z, y(0)=—1, y'(0) =6 |y = —cos2z + 381112&?]

6.y +4y +5y=0, y(0)=-3, ¥ (0)=0 Y= —6e~ 2 sinx — 3e~ %" cos |
7.9 +9% =0,y =-1,y (=1 -y:cos3x—%si113$:
= —cos3(z—m)+5sin3(z—m)

8. y' 44y +29y =0, y(0) =0, ¥ (0) = 15 [y = 3¢ sin 52
0.y —y=0, y(0) =0, y'(0) =1 =3 )]
10. 3" — 2y + 5y =0, y(3) =0, y’(g) =1 y = —%em_% sin2x]
11y 44 —2=0, y(0)=2, 4 (0) =1 y = 2ev 4 Le]
12. 4" + 4y + 5y =0, y(0) = -3, y'(0) =0 [y = 3¢~ (cosz + 2sinz))|
13. €5 4285 1 95 =0, 5(0) =1, §'(0) = 1 s = e~t(cost + 2sint)|
14. 3" 4+ 2ay 4+ a*y =0, y(0) =a, ¥ (0) =0 y = ae (1 + ax)]
15. 3" + 9y = 15sin2z, y(0) = -7, ' (0) =0 y = 3sin 2z — 7 cos 3z—

—2sin 3&?]



